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Abstract 

We calculate the proton decay rate due to five dimensional SU(5) gauge bosons in 
the Randall- Sundrum scenario with two branes (Planck brane and TeV brane). We 
consider matter in the usual 10 and 5 SU(5) representations localized on a brane, 
and consider the case when SU(5) is broken by a Higgs mechanism on the matter 
brane. We calculate the proton decay rate mediated by X bosons, due to terms in the 
Lagrangian with and its derivative along the extra dimension. We confirm that the 
experimental limit on the proton decay rate allows SU(5) matter to be on the Planck 
brane, but excludes it from being on the TeV brane in this scenario. 
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1 Introduction 



There is a hierarchy of some 17 orders of magnitude between the Planck scale (M p i ~ 
10 19 GeV) and the Electro- weak scale (M EW ~ 10 2 GeV). The Standard Model (SM) requires 
an extreme fine tuning to maintain this hierarchy and a lot of recent work has addressed this 
"Hierarchy Problem". Supersymmetry, Technicolor and recently, extra dimensions [|l| ||, 
have been considered to address this problem. 

One of the frameworks that addresses the hierarchy problem was proposed by Randall 
and Sundrum 0. They propose a 5-dimensional non-factorizable AdS geometry with the 
metric given by: 

ds 2 = Qmn dx M dx N = dx^dx v + dy 2 = e~ 2klvl r] a/3 dx a dx 13 + dy 2 (1) 

where, k is the AdS curvature, y is the co-ordinate in the extra dimension and r] a/3 is 
diag(—l, 1, 1, 1). 

The extra dimension is compactified on S l / Z2. The Z 2 symmetry identifies y and — y 
and fields are either even or odd with respect to this Z 2 - 

$(x,-y) =±${x,y). (2) 

The Lagrangian is constructed to be be Z2 invariant. In this setup there are two 3-branes at 
the Z 2 orbifold fixed points - the "Planck Brane" at y = 0, and the "TeV Brane" at y — ttR. 
The "warp factor", e _2fc ' y ', allows the possibility of generating an exponentially lower Electro- 
Weak scale, given a high Planck scale; Mew ~ e~ k7vR M p i, with R the radius of the compact 
extra dimension. To generate the required hierarchy we need kR ~ 12 with k ~ M p i. In the 
original framework, to solve the hierarchy problem, matter was thought to reside on the TeV 
brane; later authors have considered matter on the Planck brane also. A generic feature of 
Randall- Sundrum type theories is that it requires the cosmological constants in the bulk and 
the two branes to be fine-tunedQ. 

A = -6M|fc 2 

A ( o) = -A ( ^) = -- (3) 
where M 5 is the fundamental five- dimensional scale. The four dimensional Planck scale is: 

K = M(i _ e" 2 ^). (4) 

*Ref. H describes a mechanism to stabilize the radius of the compact extra dimension and reduce the 
number of fine-tunings to one. 
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In this paper, we work in this framework of Randall and Sundrum. 

Grand Unified Theories (GUT) based on SU(5) have many compelling featuresf§]. The 
quantum numbers of particles in the SM can be neatly explained by considering them to 
be in the 10 and 5 representations. Another motivation to consider GUTs is the apparent 
unification of gauge couplings at around Mq UT ~ 10 16 GeV, in the Minimal Supersymmetric 
Standard Model (MSSM) |]. 

Our motivation for considering extra dimensional gauge fields is the possibility of bulk 
gauge fields mediating supersymmetry breaking through Gaugino Mediation ||. In this 
scheme, a gauge supermultiplet in the bulk of a flat higher dimensional theory transmits 
supersymmetry breaking at a TeV from the source brane to the MSSM fields on a second 
brane. The realization of Gaugino Mediation in the context of the Randall-Sundrum scenario 
is left for future work. 

Motivated by these considerations we consider a setup with SU(5) gauge bosons in the 
bulk of the Randall-Sundrum setup. We consider matter in the 10 and 5 representations of 



SU(5) to be localized on a brane. Pomarol [|TTJ has considered breaking SU(5) by a Higgs 



mechanism on the matter brane in the Randall-Sundrum scenario. In this paper we calculate 
the proton decay rate due to terms with an X boson and also due to non-renormalizable 
interaction terms containing d y X. 



2 The SU(5) Lagrangian 

In the following, only terms relevant for proton decay will be shown. The SU(5) generators 
are denoted as T a , normalized as {T a , T b } = | 5 ab and yo is the position of the matter brane. 
The field strength for the bulk gauge field A a M (of mass dimension 3/2) is defined as: 

F M n = d M A N - d N A M - ig [A M , A N ] 

Fmn = F MN T a ; Am = A M T a , etc. 
and the covariant derivatives for the usual GUT matter multiplets, T the 10 of SU(5) and 
F the 5 of £77(5) is given by: 

DnT = dJT - i-^(A„T + TAT) 

M M y/2M pl K M V> 

DnF = d.F - i^^A.F. 
The SU (5) invariant lagrangian is: 



J Bulk 



+ Lsrane (5) 
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LBulk — 
■^Brane —) 



~ Tr(F MN F MN ) 



(6) 



V^g s(y-yo) 

+ FiJpF + 



Tr(TiIpT) + 



McoJM, 



McoJM. 



7 M ,7 K 



MN 



-.Tr (T 



1 M ,1 N 



MN 



T 



(7) 



where, g is the determinant of the 5- dimensional metric 7m = ^Itla {&m is the vierbein 
and 7 Q are the flat space Dirac matrices) and the second and fourth terms above are non- 
renormalizable interaction terms that are Lorentz and SU(5) invariant, suppressed by the 
cutoff scale M C o, and e, g\ and g 2 are 0(1) coupling constants . 

For the Lagrangian to be Z 2 invariant, A a M should have the property: 



A;(x, -y)=+A^x,y) 
A a 5 (x,-y) = -A a 5 (x,y) 



(9) 



i.e., A® is Z 2 even and A% is Z 2 odd. 

The equations of motion for the A a M are: 



d a d a Al 



d y d a A aa = 



(10) 
(11) 



e 2klyl d y (V 2%l (d y A af5 - dPj^j) + e 2klvl d a (d a A aP - d p A aa ) = 0. 

Using the gauge freedom, we can always set d^A" 1 ^ = 0. Then the equation of motion eq. fllP] 
gives Al = 0.0 In this on-shell gauge eq. flTID becomes: 



e 2klvl d y (e- 2k ^d y A aP ) + e 2klvl d a d a A af3 = 0. 



It is helpful to expand into Kaluza-Klein mo 



A M {x,y) 



1 



A M \x)f n (y) 



with the f n a complete set of functions over y that satisfy: 

-rvR 

2nR 



(12) 



(13) 



ttR 



(14) 



-nR 



f Note: 



-ik\y\ 



■^Though A§ is not identically zero off-shell, it will not contribute to proton decay since it is Zi odd and 
therefore vanishes at the fixed points where SU (5) matter is located. 
§Sum over n is understood. 
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Eq. (|12D can then be split into the two equations: 

d a d a A (n)l3 {x) = m 2 n A (n)(3 {x) (15) 
e 2k\ y \ dy ( e -»l»l^/ B ( y )) + e 2fc l^m^ n (y) = (16) 

where m n is a discrete sequence (KK masses)^] determined by the boundary (brane) condi- 
tions on the due to its Z 2 property. Eq. ( |i~6"D can be reduced to the Bessels Differential 
Equation and the solutions |pT| (with definite Z 2 even and odd properties, f^ en and f° dd ) 
contain the Bessels functions, J\ and Y\. 



fn en (y) 



e k \y\ 

1l 



fn(y) = o(y)fn en (y) 





m r 



h(m n ) Y 1 [^e^ 



■h[^e ky ) + b 1 (m n )Y 1 [^e« 



k 



m r , 



k 



(17) 
(18) 

(19) 



where 9{y) is the step function and bi(m n ) is a constant that depends on m n . In the limit 
m n <C k and kR 3> 1, N n is approximated by fT0|j : 



-,-ivkR 



;Jl( 



,777. 



V2nkR k 

Using the large argument approximation for the Bessels function from eq. (f|5] 



N Ri 
1 v n ~ 



e 2 



TX\/Rm n 



(20) 



(21) 



Since we are interested in analyzing the proton decay rate, let us focus on the terms 
involving the T and X bosons in eq. (|7])pJ 



L Brane 3 V / ~<? S(y-y ) 



—ie 



2M, 



pi 



Tr (fij M A M T) + 



McoJM, 



=Tr (T 



1 M ,1 N 



MN 



T 



(22) 

The first term above is contained in the first term in eq. (0). The Xm part of Am can lead 
to proton decay due to uu — > e + d. 

Using eq. ([13|) in eq. (0), integrating over y (which picks out the fixed point values) 
and bringing to canonical form with T — > T et fe ' !/0 ', we get the effective four dimensional 
lagrangian: 



L ( 4) ^ f ^Tr(fij a A^T) 
2M pl V2^R 



M, 



CO 



M pi V2ttR 



'-Tr (T 



7",7 5 



(23) 



^The m„ will be shown to have a gap ~ TeV. 

"The terms with F lead to similar contributions as the T and will not be explicitly considered here. 
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3 SU(5) breaking by the Higgs mechanism 



We do not see the £77(5) structure at the weak scale and so it has to be broken at a higher 
scale. There are various ways of breaking SU(5) and one of them is by a Higgs confined to 
the matter brane. Let us consider a Higgs in the adjoint of 577(5) localized on the matter 



brane flTJ and that it gets a VEV, breaking 3U(5) down to SU(3) x SU{2) x U(l) in the 



usual manner |E|. 

The Higgs mechanism results in a mass term for the X and Y bosons which effectively 
can be parametrized as: 

2 

L B rane D % - Vo) A M A ^ ( 24 ) 

where, v is the VEV of the Higgs that breaks SU(5) to S77(3) x SU{2) x £7(1). We will not 
show terms containing the physical Higgs since we are interested in calculating the proton 
decay contribution due to the gauge bosons. We will work in the Unitary gauge where we 
only deal with physical particles. 

The equation of motion for gauge bosons (eq. flT2|)), in the presence of such a brane mass 
term is modified to: 

e 2klyl d y (e- 2m d y A a P) + e 2k ^d a d a A a P = 25(y - y )^-A^. (25) 
v 7 M p i 

Eq. fll5| ) remains unchanged, but eq. ( pf ) is modified to: 

e 2 k \ y \ dy f e -2k\y\ d j n{y) \ + ^Wj^y) = 2 8(y - ifo)-£-/ n (y). (26) 

Since the the are Z 2 even (see eq. (|J)), we require the corresponding /„ to satisfy (yo 
is the matter brane and y' the other brane): 

d 2v 2 

Ty fn\ yo = ^fniVo) (27) 
±fn\y> = 0. (28) 

Eq. (|27| ) implies for bi{m n ) (the constant defined in eq. (|17|)): 

(1 - r^-)^i( ! Tf L e fc 2 /0 ) + r^ e kyo J'(rr^ e ky \ 
hirrin) = — kM r — (29) 
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and Eq. fl28|) implies: 



5,frn 1 = — - — - - 

u n; y^E^e*^) + nhL e ky' YI(nhL e ky' ^ 

Equating these determines m n as we show next. 



(30) 



3.1 Matter on the Planck brane. 

For matter on the Planck brane, yo = and y' = ttR. The matter content on the Planck 
Brane is that of the MSSM and the gauge couplings apparently unify [[□]] [[12] in the usual 
manner PI at around M GUT ~ 10 16 GeV. 



Equating eqs. (|29|) and ([3(]) determines m n . Using eq. ( ]43| ) this equality becomes: 



v 2 1 ( m n \ I m n j ( m n \ j f m n c kirR 



v 2 y (m„\ | m a y(m n \ y ( m n kirR 

kM P i H k i ^ k 2 °v k ) r o \—e 



(31) 



Using eq. fl44]) for ^ <C 1 on the left hand side, and defining u n = ^e knR the above equation 
becomes: 

1 = ^0 K) 

2 hl ( t )_ M + 7 + l| L.^ r„K) 

where 7 ~ 0.5772. 

With no Higgs VEV, i.e. v = 0, the lowest lying mode is the massless zero mode obtained 
as the limit u n — > in the above equation. The corresponding limit for the wavefunction 
from eq. (O ) is / n (y) = constant. 



Now we ask whether this "zero- mode" becomes massive due to a non-zero v. For m < 1, 
the right hand side of eq. ([32]) can be approximated using eq. ([44]) : 



2ln(t)-M + 7 + 4^ 2 ln ( t ) + V 
The lowest mode (what was massless in the v — case) that solves this is given by: 

no = " , 1 e fc ^, (34) 
\ hixR JkMpi 



**The authors of rcf. 13 point out that there may be large threshold corrections that upset gauge 
coupling unification, but there is still the possibility that the threshold corrections are universal and preserve 
unification. 
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or equivalently, 

m = (35) 

It should be stressed that this solution for the lowest mode is valid in the limit u< 1, i.e., 
v <C 10 3 GeV. Thus the mode that was massless is now lifted to the value given by eq. fl3"5|) 
due to a non-zero v. We are actually interested in the case when v ~ Mqut for which we 
cannot use the above solution obtained for « < 1. A numerical computation of eq. fl3~2|) 
shows that as v becomes larger than about 10 4 GeV the lowest mode gets fixed at around 
the first zero of Yq, uq ~ 0.9, or equivalently mo ~ 0.9ke~ knR ~ TeV. Thus we see that the 
zero mode is lifted to a mass of ~ TeV due to a VEV v ~ Mqut- The wavefunction of this 
"zero-mode" is similar to the wavefunction of the first KK mode since their masses are close. 



We can see from eq. ( |3"2| ) that the low lying KK modes, u n , are close to the zero's of the 
Bessel function Jo, namely, u n ~ (n — ~) 7T which translates to: 

m n « (n - -) 7ike~ k7vR . (36) 



4, 

Thus, a non-zero v doesn't significantly change the mass spectrum from the v = case (see 



for example ref. [|Kj). We will estimate the wavefunctions at y — in the next section and 



we will see that it changes drastically when a VEV is turned on. 



3.2 Matter on the TeV brane 



We will show in the next section that having matter on the TeV brane violates the experi- 
mental limit on the proton decay. Phenomenological disadvantages of having matter on the 
TeV brane with gauge fields in the bulk are discussed in ref. 0. 



4 Proton Decay due to Gauge Bosons 

The dominant contribution to proton decay comes from tree level exchange of the X and Y 
bosons such as uu — > — > e + d. It should be noted that X 5 and Y 5 do not induce proton 
decay, since, being Z2 odd, they vanish at the fixed points (where matter is localized). 

The proton decay rate due to the tree level exchange of the nth KK mode of given 
by the first term in eq. ([23|) is: 

r (n) _ (e/n(l/o)) 4 rn 5 p 
~ 4(2nM pl Rf M% )4 
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where, m p is the Proton mass, ~ 1 GeV. The tree level contribution due to the nth KK 



mode of dyX^ given by the second term in eq. (p3|) is: 



r( „) „ PH/nM) 4 rn* 

(2nM pl R) 2 (M CO ) 4 m£ )4 1 ' 



Summing over the KK modes gives the total decay rate, 



1 ITeV 

r = - ~ £ rw. (39) 

T P n=l 

The sum is over the modes that are of mass less than v and since the spacing of modes is 
approximately a TeV, we have cut the sum off at 1 ^ eV above. 

If matter is on the TeV brane, eq. ( |T7D implies that f n (irR) ~ 0(1) with m n ~ nTeV. 
Eq. (37) implies ~ 10 -12 GeV, i.e. ~ 10~ 20 yr, and the experimental bound on the 



proton decay ratefj]] is clearly violated. Thus, in agreement with ref. [11] we conclude that 
we cannot have matter on the TeV brane. 

For matter on the Planck brane, we estimate the value of the wavefunction and its 
derivative along the extra dimension at y — 0. From eqs. (|29|) and ([17]) with ^ <C 10, 



v > m n , yo = and N n from eq. (pi|) 



7T 3 / 1\ 2 fkM pl] , kR 



h(m n ) ~ ~{«-z) [yf)^ kK (4°) 
/n (0) ~ e-^V^(^)(n-i) f (41) 

3 

d y f n (0) ~ V2e- 27rkR 7ikV2nkR (n - - V . (42) 

Eq. (^) gives the proton decay rate due to the nth KK mode: ~ 10~ 114 n 2 and thus 
the total decay rate given by eq. (^) due to the first term in eq. (p3|) is T ~ 1CT 75 GeV, i.e. 
r p ~ 10 43 yr. 

We calculate next the contribution due to the term with the derivative on the X boson 



along the extra dimension given by the second term in eq. (|23|). Using eq. (42) in eq. (|38 

gives r^ n ) ~ 10 , f"" 2 ■ With Mqo ~ 10 16 GeV and summing over the KK modes, the total 

M co 

rate due to the second term in eq. (B3|) is: Y ~ 10~ 86 GeV i.e. r p ~ 10 54 yr. 



^The experimental limit on the proton lifetime is (mode dependent) r p > 10 31 — 5 x 10 32 years which 
translates to 10 64 (GeV)" 1 . 



ttFrom eq. (36) this means that all these estimates are valid for n <C 10 16 and not for arbitrarily large n. 
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Thus the lifetime is far greater than the experimental limit and we conclude that it is 
acceptable to have matter on the Planck brane. 

5 Conclusions 

We considered a setup based on the Randall- Sundrum scenario which addresses the hierarchy 
problem. This consists of having a warped geometry compactified on S 1 / Z 2 , with the 
MSSM matter fields localized on one of the fixed points of the orbifold. We considered 
the implications to proton decay due to SU (5) gauge bosons in the bulk. 

We considered the situation when S77(5) is broken by an adjoint Higgs on the matter 
brane breaking it down to SU(3) x SU(2) x U(l). We calculated the proton decay rate due 
to exchange of X bosons and considered the effect of a non-renormalizable interaction term 
on the brane having a derivative in the y direction. Another way of breaking S77(5) is by 
Orbifold breaking which was not considered here. It is possible that the contributions to 
proton decay can be different in Orbifold breaking due to the different Z 2 parity properties 
of the gauge bosons, although we expect the results to be qualitatively similar. 

We found that the experimental limit on the proton decay rate does not allow matter 
to be on the TeV brane. We then calculated the proton decay rate if the 10 and 5 matter 
multiplets of 577(5) was on the Planck brane. We showed that this does not violate the 
experimental limit and thus is a viable setup. 

Having matter on the Planck brane implies the hierarchy problem and thus requires 
Supersymmetry to stabilize the Higgs at the Weak scale. Though it might seem that we 
lost the original motivation of solving the hierarchy problem, we note here that there is 
still the attractive feature of generating the Weak scale due to the warped geometry, given 
the Planck scale. One realization of this is that some dynamics on the TeV brane might 
break supersymmetry at the TeV scale and then be communicated by the Gauginos in the 
bulk to the MSSM on the Planck brane. We have not considered the Higgs and Higgsino 
contributions to Proton Decay here. It would also be interesting to consider if it is possible 
to have the Higgs in the bulk while satisfying proton decay constraints. 
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Appendix 



For the readers convenience, we collect here some relations involving Bessels functions that 
we have used. 



J'Ax) = Jq(x) J Ax) 

x 

Y((x) = Y Q {x)--Y 1 {x) 



(43) 



For x C 1: 



with 7 w 0.5772. 
For x ^> 1 



J (x) 
Y (x) 

J x {x) 
Y x {x) 
J[(x) 
Y[{x) 



J Ax) 



1 

2 

7T 

X 



In ( - ) + 7 



2 

7TX 



1 




2 




2 


■ 1 


7T 


.X 2 



+ In 



+ 7 




2 / 3tt 
cos x 

71X V 4 



(44) 



(45) 
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